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Measuring the weak phaseg in color allowed B\DKp decays
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We present a method to measure the weak phaseg in the three-body decay of chargedB6 mesons to the
final statesDK6p0. These decays are mediated by interfering amplitudes which are color allowed and hence
relatively large. As a result, largeCP violation effects that could be observed with high statistical significance
are possible. In addition, the three-body decay helps resolve discrete ambiguities that are usually present in
measurements of the weak phase. The experimental implications of conducting these measurements with
three-body decays are discussed, and the sensitivity of the method is evaluated using a simulation.

DOI: 10.1103/PhysRevD.67.096002 PACS number~s!: 11.30.Er, 13.25.Hw, 14.40.Nd
of

am

l-

e
t
o

m

s

fa
t

e

y
t

ds

n

el-
ly

ents

ll.
sso-
his
up-
no-
5

on
oth
his

ll

sta-

-
s.
nal

ms

lbeit
I. INTRODUCTION

CP violation is currently the focus of a great deal
attention. Since the start of the operation of theB factories,
the standard model description ofCP violation via the
Cabibbo-Kobayashi-Maskawa~CKM! matrix @1# is being
tested with increasing precision. BaBar@2# and Belle @3#
have recently published measurements of the CKM par
eter sin(2b), whereb5arg(2VcdVcb* /VtdVtb* ), verifying the
CKM mechanism to within the experimental sensitivity. A
though improved measurements of sin(2b) andBs2B̄s mix-
ing will probe the theory with greater scrutiny during th
next few years, the measurement of the other angles of
unitarity triangle is necessary for a comprehensive study
CP violation.

Important constraints on the theory will be obtained fro
measurements of the CKM phase g5arg
(2VudVub* /VcdVcb* ). A promising method for measuring thi
phase in theB system has been proposed@4#. Although this
method involves color-allowed decays and hence offers
vorable rates, it makes use ofBs mesons, which are no
produced atB factories operating at theY(4S) resonance.
By contrast, the extraction ofg using theBu andBd system
generally involves decays which are highly suppressed
difficult to reconstruct. In addition, these methods are gen
ally subject to an eightfold ambiguity due toa priori un-
known strong phases@4,5#. As a result, obtaining satisfactor
sensitivity requires very high statistics and necessitates
use of as many decay modes and measurement metho
possible.

One important class of theoretically clean measureme
will make use of decays of the typeB→DK. Gronau and
Wyler @6# have proposed to measure sin2g in the interference
between theb̄→ c̄us̄ decay B1→D0K1 and the color-
suppressedb̄→ūcs̄ decay B1→D0K1. Interference be-
tween these amplitudes takes place when theD meson is
observed as one of theCP eigenstates
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which are identified by their decay products, such asK1K2

or Ksp
0. Several variations of this method have been dev

oped @7–10#, including addressing the effects of doub
Cabibbo-suppressed decays of theD meson@11# and mixing
andCP violation in the neutralD meson system@12#, as well
as insights to be gained from charm factory measurem
@13#.

A serious difficulty with measuringg using B→DK is
that theb̄→ūcs̄ amplitude is expected to be extremely sma
To a large degree, this is due to the color suppression a
ciated with the internal spectator diagram through which t
amplitude proceeds. In the factorization model, color s
pression of the amplitude is parametrized by the phenome
logical ratioua2 /a1u. This ratio is measured to be about 0.2
@14# by comparing decay modes which depend only
color-allowed amplitudes with those that depend on b
color-allowed and color-suppressed amplitudes. With t
value of ua2 /a1u, one expects the amplitude ratiouA(B1

→D0K1)/A(B1→D0K1)u to be only about 0.1. The sma
branching fractionB(B1→D0K1) is therefore very difficult
to measure with adequate precision, resulting in a large
tistical error in the measurement of sin2g. The recent obser-
vation of the color-suppressed decaysB0→D (* )0p0, D0h,
andD0v by Belle @15# and CLEO@16# has raised the possi
bility that ua2 /a1u may be effectively larger in some mode
However, significant suppression is still expected for inter
spectator diagrams.

This difficulty has led to attempts to address the proble
presented by color suppression. Dunietz@7# proposed to ap-
ply the method to the decaysB0→DK* 0, making use of the
fact that the decayK* 0→K1p2 tags the flavor of theB0. In
this mode, both theb̄→ c̄us̄ and theb̄→ūcs̄ amplitudes are
color suppressed, and hence of similar magnitudes, a
©2003 The American Physical Society02-1
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small. Jang and Ko@9# and Gronau and Rosner@10# have
devised a method in which the small branching fraction
the color-suppressed decayB1→D0K1 does not have to be
measured directly. Rather, it is essentially inferred by us
the larger branching fractions of the decaysB0

→D2K1, B0→D0K0 and B0→D1,2K
0. Quantitative study

suggests that the various alternative methods are rough
sensitive as the method of Ref.@6#, and are thus useful fo
increasing statistics and providing consistency checks@5#.

II. MEASURING g WITH COLOR-ALLOWED B\DKp
DECAYS

In this paper we investigate a way to circumvent the co
suppression penalty by usingB6 decay modes which could
potentially offer significantly large branching fractions,
well as largeCP asymmetries. Similar modes involving ne
tral B decays can also be used. For example the final s
D0(D0)K6p7 can be analyzed with the same technique
described here. Some other decays~such as B0

→D2Ksp
1) need a different treatment and will be di

cussed elsewhere@17#. The particular decays which are co
sidered here are of the typeB→D (* )K (* )p(r). These three
body final states may be obtained by popping aqq̄ pair in
color allowed decays. Although modes where one or more
the three final state particles is a vector can also be used
clarity and simplicity only the modeB6→D0K6p0 is dis-
cussed here.

Figures 1 and 2 show the diagrams leading to the fi
states of interest. As can be seen, the leading diagrams@Figs.
1~a! and 2~a!# are both color allowed and of orderl3

5sin(uc) in the Wolfenstein parametrization@18#, whereuc is
the Cabibbo mixing angle. Due to the absence of color s
pression, both interfering amplitudes are large, avoiding
complications which arise due to the small magnitude of
b̄→ūcs̄ amplitude in the two-body decays. As a result, o
servableCP-violating effects in the three-body decays a
expected to be large, and theb̄→ūcs̄ amplitude is more
easily measured from the relatively large branching fract
B(B1→D0K1p0), which is now subject to significantly
less contamination from doubly Cabibbo-suppressedD me-
son decays than the corresponding two-body modes. H

FIG. 1. Feynmann diagrams for the decayB1→D0K1p0 in-
volving the CKM matrix element productVcb* Vus .
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ever, should theb̄→ūcs̄ amplitude be unexpectedly smal
one could still carry out the analysis described in this pa
by taking doubly Cabibbo-suppressed decays into acco
@5,11#.

Let us examine how one could observeCP violation and
measure the angleg in these decays. We first consider th
case of very large statistics, and then discuss how one w
proceed when the data sample is limited. Since we are d
ing with a three-body decay, we use the Dalitz plot of t
systemDK6p0 ~see Fig. 3!. Selecting a particular pointi in
this representation, Eq.~1! implies the relations

Ai~B1→D1,2
0 K1p0!5

1

A2
~Ai~B1→D0K1p0!

6Ai~B1→D0K1p0!!,

FIG. 2. Feynmann diagrams for the decayB1→D0K1p0 in-
volving the CKM matrix element productVub* Vcs .

FIG. 3. Two points on the Dalitz plot of the decaysB1

→D0K1p0 andB1→D0K1p0.
2-2
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Ai~B2→D1,2
0 K2p0!5

1

A2
~Ai~B2→D0K2p0!

6Ai~B2→D0K2p0!!. ~2!

Let us write the amplitudes corresponding to the transiti
in Figs. 1 and 2 as

Ai~B1→D0K1p0!5ACie
idCi,

Ai~B1→D0K1p0!5AUie
idUieig,

~3!
Ai~B2→D0K2p0!5ACie

idCi,

Ai~B2→D0K2p0!5AUie
idUie2 ig,

whereg is the relative phase of the CKM matrix elemen
involved in this decay, andAC (AU) anddC (dU) are the real
amplitude andCP-conserving strong interaction phase of t
transitions of Fig. 1~Fig. 2!. Let us note here that we hav
used the Wolfenstein parametrization at orderO(l3). Should
one use the full expansion, a small weak phase of ordel4

would be present. Indeed the angle which is measure
g85arg(VudVub* /VcsVcb* )5g1j, where j5arg(2VcdVcs* /
VudVus* ). The anglej is one of the angles@19# arising from
the unitarity relationVudVus* 1VcdVcs* 1VtdVts* 50. The am-
plitudes in Eqs.~3! can be obtained from the measureme
of the B decay widths

G i~B1→D0K1p0!5G i~B2→D0K2p0!5ACi
2 ,

G i~B1→D0K1p0!5G i~B2→D0K2p0!5AUi
2 . ~4!

Equation~2! implies

2G i~B1→D1,2
0 K1p0!5ACi

21AUi
262ACiAUicos~Dd i1g!,

2G i~B2→D1,2
0 K2p0!5ACi

21AUi
262ACiAUicos~Dd i2g!,

~5!

whereDd i[dUi2dCi . ~See Fig. 4.! Thus, by measuring the
widths in Eqs.~4! and ~5!, one extracts sin2g from

sin2g5
1

2
~12CC̄6A~12C2!~12C̄2!!, ~6!

where C[cos(Ddi1g) and C̄5cos(Ddi2g). Hence in the
limit of very high statistics, one would extract sin2g for each
point i of the Dalitz plot and therefore obtain many measu
ments of the same quantity. This would allow one to obtai
large set of redundant measurements from which a pre
and consistent value of sin2g could be extracted.

We note that in our treatment we disregard dou
Cabibbo-suppressedD0 decays@11# since, due to the lack o
color suppression, their effect is small, and can be dealt w
@5# in any case. It is important to note that the method
scribed here is model independent in that we do not m
particular assumptions regarding the Dalitz plot distribut
of the events.
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In every point of the Dalitz plot,g is obtained with an
eightfold ambiguity, which is a consequence of the inva
ance of the cos(Ddi6g) terms in Eq.~5! under the three
symmetry operations@5#

Sex:g→d, d→g,

Ssign:g→2g, d→2d, ~7!

Sp:g→g1p, d→d1p.

However, an important benefit is gained from the multip
measurements made in different points of the Dalitz p
When results from the different points are combined, so
of the ambiguity will be resolved, in the likely case that th
strong phaseDd i varies from one region of the Dalitz to th
other. This variation can either be due to the presence
resonances or because of a varying phase in the nonreso
contribution. In this case, the exchange symmetrySex is nu-
merically different from one point to the other, which i
effect breaks this symmetry and resolves the ambiguity.

Similarly, the Ssign symmetry is broken if there exist
somea priori knowledge of the dependence ofDd i on the
Dalitz plot parameters. This knowledge is provided by t
existence of broad resonances, whose Breit-Wigner~BW!
phase variation is known and may be assumed to domi
the phase variation over the width of the resonance. To ill
trate this, leti and j be two points in the Dalitz plot, corre
sponding to different values of the invariant mass of the
cay products of a particular resonance. For simplicity
consider only one resonance. One then measures cosDdi
6g) at point i and cos(Ddi1aij6g) at point j, wherea i j is
known from the parameters of the resonance. It is import
to note that the sign ofa i j is also known, hence it does no
change underSsign. Therefore, should one choose th
Ssign-related solution cos(2Ddi7g) at point i, one would get
cos(2Ddi1aij7g) at point j. Since this is different from
cos(Ddi1aij6g), the Ssign ambiguity is resolved. This is il-
lustrated graphically in Eq.~8!:

cos~Dd i6g! ↔
Ssign cos~2Dd i7g!

BW↓ ↓BW

cos~Dd i1a i j 6g! ↔”
Ssign cos~2Dd i1a i j 7g!. ~8!

Thus, broad resonances reduce the initial eightfold am
guity to the twofold ambiguity of theSp symmetry, which is

FIG. 4. ~Color online! Illustration of the triangle relations in the
decaysB6→D0K6p0 andB6→D0K6p0.
2-3
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not broken. Fortunately,Sp leads to the well-separated sol
tions g andg1p, the correct one of which is easily ident
fied when this measurement is combined with other meas
ments of the unitarity triangle.

III. THE FINITE STATISTICS CASE

Since experimental data sets will be finite, extractingg
will require making use of a limited set of parameters
describe the variation of amplitudes and strong phases
the Dalitz plot. The consistency of this approach can be v
fied by comparing the results obtained from fits of the data
a few different regions of the Dalitz plot, and the systema
error due to the choice of the parametrization of the data m
be obtained by using different parametrizations.

A fairly general parametrization assumes the existenc
NR Breit-Wigner resonances, as well as a nonresonant c
tribution:

Aj~B1→D0K1p0!

5S AC0eidC01(
j 51

NR

ACjBsj
~j!eidCj D eidC(j),

Aj~B1→D0K1p0!

5S AU0eidU01(
j 51

NR

AUjBsj
~j!eidUj D eidU(j)eig,

~9!

wherej represents the Dalitz plot variables,

Bsj
~j![bsj

~j!eid j (j) ~10!

is the Breit-Wigner amplitude for a particle of spinsj , nor-
malized such that*(bsj

(j))2dj51, AU0 and dU0 (AC0 and

dC0) are the magnitude andCP-conserving phase of the non
resonantb̄→ūcs̄(b̄→ c̄us̄) amplitude, andAUj and dUj (ACj
anddCj ) are the magnitudes andCP-conserving phase of th
b̄→ūcs̄ (b̄→ c̄us̄) amplitude associated with resonancej
@20#. The functionsdC(j) anddU(j) may be assumed to var
slowly over the Dalitz plot, allowing their description i
terms of a small number of parameters. Equation~1! again
implies

Aj~B1→D1,2
0 K1p0!

5
1

A2
~Aj~B1→D0K1p0!6Aj~B1→D0K1p0!!.

~11!

The decay amplitudes ofB2 mesons are identical to those
Eqs.~9! and ~11!, with g replaced by2g.

The decay amplitudes of Eqs.~9! and~11! can be used to
conduct the full data analysis. This is done by construct
the probability density function~PDF!

P~j!5uAj~ f !u2, ~12!
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where the amplitudeAj( f ) is given by one of the expression
of Eq. ~9!, Eq. ~11!, or their CP-conjugates, depending o
the final statef. Given a sample ofNe signal events,g and
the other unknown parameters of Eq.~9! are determined by
minimizing the negative log likelihood function

x2[22(
i 51

Ne

logP~j i !, ~13!

wherej i are the Dalitz plot variables of eventi.

IV. RESONANCES AND AMBIGUITIES

It is worthwhile to consider the resonances which m
contribute to theD0K6p0 final state. Obvious candidates a
broadD** and Ds** states. However, only the ones whic
can decay asD** 0→D0p0 or Ds** 1→D0K1 are relevant
for the final state of interest. This excludes the 11 states,
which would decay toD* p or D* K. Furthermore, since the
Ds** 1 is essentially produced through aW1, the 21 state is
forbidden as well. Thus, one does not expect a large con
bution from these states. A promising candidate might be
broad D0*

0 recently observed by the Belle Collaboratio
@21#. We note that including such resonances in the anal
does not raise particular difficulties and would further e
hance the sensitivity of theg measurement. Similar argu
ments can be made for higher excitedK states.

One also expects narrow resonances, such as
D* (2007)0 and a narrowDs** 1 state, to be produced. How
ever, as seen in the Dalitz plot of Fig. 5, these resonance
not overlap, and hence do not interfere. In addition, interf
ence between a very narrow resonance and either a b
resonance or a nonresonant term is suppressed in propo
to the square root of the narrow resonance width. Theref
narrow resonances contribute significantly to theCP viola-
tion measurement only if both theb̄→ c̄us̄ and b̄→ūcs̄ am-

FIG. 5. Dalitz plots obtained from a simulation ofB1 andB2

decays into all final state,D0K6p0, D0K6p0, andD1,2K
6p0 with

the parameters of Table II. Along with nonresonant contributio
the resonancesK* 6, D* 0, andDs** 6 are shown.
2-4
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plitudes proceed through the same resonance. This sce
is favorable, but is not necessary for the success of
method, and will therefore not be focused on in the res
this study.

In what follows, we discuss important properties of t
method by considering the illustrative case, in which theb̄

→ūcs̄ decay proceeds only via a nonresonant amplitude,
the b̄→ c̄us̄ decay has a nonresonant contribution and
single resonant amplitude. For concreteness, the resonan
taken to be theK* 6(892). We take thej-dependent non-
resonant phases to bedC(j)5dU(j)50. Under these circum
stances, the PDF of Eq.~12! depends on four cosine term
that are measured in the experiment:

c00
6 [cos~dU06g!,

cK* 0
6 [cos~dU02dK* 2dK* ~j!6g!, ~14!

wheredK* (j) is thej-dependentK* Breit-Wigner phase of
Eq. ~10!, and the unneeded phasedC0 has been set to zero
The cosinesc00

6 (cK* 0
6 ) arise from interference between th

nonresonant~resonant! b̄→ c̄us̄ amplitude and the nonreso
nant b̄→ūcs̄ amplitude.1

The phasesdU0 , dK* , and g are all a priori unknown.
However, it is important to note thatdK* is fully determined
from the interference between the resonant and nonreso
contributions to the relatively high statistics decay mo
B1→D0K1p0 as a function of the Dalitz plot variables
Therefore,dK* is obtained with no ambiguities, and with a
error much smaller than those ofdU0 or g! . Consequently,
the only relevant symmetry operations are

Sex:g→dU0 , dU0→g,

Ssign:g→2g, dU0→2dU0 ,

Sp :g→g1p, dU0→dU01p, ~15!

Sex
K* 1 :g→dU02dK* , dU0→g1dK* ,

Sex
K* 2 :g→2dU01dK* , dU0→2g1dK* .

As discussed above, onlySp is a symmetry of all four co-
sines of Eq.~14!, and is therefore fully unresolved. Th
transformation properties of the cosines under any comb
tion of the remaining four operations that can lead to
ambiguity are shown in Table I.

While none of the operations leaves all four cosines
variant, it is important to note cases wherecK* 0

6 are approxi-

mately invariant underSex
K* 1 , Sex

K* 2 , or their product. We
define approximate invariance under the operationS to be

1Even when one of theb̄→ c̄us̄ amplitudes is small enough tha
the determination ofdK* becomes difficult, one effectively ha
dU0→dU02dK* , dK*→0, and the determination ofdK* is again not
a problem.
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6

~dK* ~j!!5cK* 0
6

~2dK* ~j!!. ~16!

Approximate invariance arises due to the fact that far fr
the peak of theK* resonance,dK* (j) changes slowly as a
function of theKp invariant mass, and takes values around
andp. Therefore, for events in the tails of the Breit-Wigne
dK* (j) is almost invariant under anySappsatisfying Eq.~16!.
One can see that approximate invariance of one of the
sinescK* 0

6 implies minimal change in thex2 of Eq. ~13!,
which may result in a resolved yet clearly observable am
guity. Since bothcK* 0

6 terms are only approximately invari

ant under the productSex
K* 1Sex

K* 2 , this ambiguity is more

strongly resolved than eitherSex
K* 1 or Sex

K* 2 .
Observing that no single operation in Table I is a go

symmetry of all cosines, one identifies two different regim
In the nonresonant regime, interference with the nonreson
b̄→ c̄us̄ is dominant, and onlySex and Ssign may lead to
ambiguities. In the resonant regime, theK* amplitude

strongly dominates theb̄→ c̄us̄ decay, andSex
K* 1 andSex

K* 2

become the important ambiguities. In the transition betwe
these regimes, the operations of Table I do not lead to c
ambiguities, as we have verified by simulation~see Sec. V!.
Thus, while naively one may expect a 25-fold ambiguity, in
practice the observable ambiguity is no larger than eightfo
with only the twofoldSp being fully unresolved, in the likely
case of non-negligible resonant contribution. This is dem
strated in Fig. 8. Furthermore, although one may write do

more products of the operationsSex, Ssign, Sex
K* 1 , and

Sex
K* 2 , only the products listed in Table I result in full o

partial invariance of both cosines which dominate the sa
regime. The additional products do not result in any noti
able ambiguities.

V. MEASUREMENT SENSITIVITY AND SIMULATION
STUDIES

To study the feasibility of the analysis using Eq.~13! and
verify the predictions of Sec. IV, we conducted a simulati
of the decaysB6→D0K6p0, B6→D0K6p0, and B6

→D1,2K
6p0. Events were generated according to the P

TABLE I. Invariance of each of the cosines of Eq.~14! under
combinations of the symmetry operations of Eq.~15!, excluding

Sp . Full invariance~approximate invariance! is indicated by aA( Ā).

Operation cK* 0
1 cK* 0

2 c00
1 c00

2

Nonresonant regime
Sex A A A

Ssign A A

SexSsign A A A

Resonant regime

Sex
K* 1 A Ā A

Sex
K* 2 Ā A A

Sex
K* 1Sex

K* 2 Ā Ā
2-5
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of Eq. ~12!, with the base parameter values given in Table
In this table and throughout the rest of the paper, we us
tilde to denote the ‘‘true’’ parameter values used to gene
events, while the corresponding plain symbols represent
‘‘trial’’ parameters used to calculate the experimentalx2.

The only nonvanishing amplitudes in the simulation we
the nonresonant amplitudes in theb̄→ c̄us̄ and b̄→ūcs̄ de-
cays, and theK* resonantb̄→ c̄us̄ amplitude. For simplicity,
additional resonances were not included in this demons
tion. However, broad resonances that are observed in the
should be included in the actual data analysis.

The simulations were conducted with a benchmark in
grated luminosity of 400 fb21, which each of the asymmet
ric B factories plan to collect by about 2005. The final sta
reconstruction efficiencies were calculated based on the
pabilities of currentY(4S) detectors. We assumed an ef
ciency of 70% for reconstructing theK6, including track
quality and particle identification requirements, and 60%
reconstructing thep0. The product of reconstruction effi
ciencies and branching fractions of theD0, summed over the
final statesK2p1, K2p1p0, andK2p1p2p1, is taken to
yield an effective efficiency of 6%. Using theCP-eigenstate
final statesK1K2, p1p2, KSp0, and KSr0, the effective
efficiency for the sum of theD1 andD2 final states is 0.8%
All efficiencies are further reduced by a factor of 1.7,
order to approximate the effect of background. The numb
of signal events obtained in each of the final states with
above efficiencies and the parameters of Table II are liste
Table III.

In Figs. 6–8, we show the dependence ofx2 on the values
of g anddU0. The smallest value ofx2 is shown as zero. At
each point in these figures,x2 is calculated with the gener
ated values of the amplitude ratiosAU0 /AC05ÃU0 /ÃC0 and

TABLE II. Parameters used to generate events in the simulat

The value ofÃCK* is chosen so as to roughly agree with the me
surement of the corresponding branching fraction@22#, taking into
account theK* 1→K1p0 branching fraction.

Parameter Value Parameter Value

g̃ 1.20 ÃU0 /ÃC0
0.4

d̃C(j)5 d̃U(j) 0 ÃCK* /ÃC0
1.0

d̃K*
1.8 ÃCK* ;A231024GB

d̃U0
0.4

TABLE III. The numbers of events obtained by averaging 1
simulations using the parameters of Table II and the reconstruc
efficiencies listed in the text.

Signal events
Mode per 400 fb21

B1→D0K1p05B2→D0K2p0 2610

B1→D0K1p05B2→D0K2p0 205

B1→D1,2K
1p0 186

B2→D1,2K
2p0 234
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ACK* /AC05ÃCK* /ÃC0. We note that when these amplitud
ratios are determined by a fit simultaneously with the phas
the correlations between the amplitudes and the phases
generally found to be less than 20%. Therefore, the res
obtained with the amplitudes fixed to their true values
sufficiently realistic for the purpose of this demonstration

For each of these figures, we also show the o
dimensional minimum projectionx2(g)5min$x2(g,dU0)%,
showing the smallest value ofx2 for each value ofg.

Figure 6 is a simulation obtained with the parameters
Table II, but withACK* 50. With no resonant contribution

n.

-

n

FIG. 6. ~Color online! Top: x2 as a function ofg anddU0, with

the parameters of Table II and no resonant contribution (ÃCK*
50). Bottom: Minimum projection ofx2 onto g.
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the eightfold ambiguity of the perfect nonresonant regime
clearly visible. This would be the typical case for two-bo
final states.

Figure 7 is obtained with the parameters of Table II, b
with AC050. With no nonresonantb̄→ c̄us̄ contribution, the
eightfold ambiguity of the perfect resonant regime is se
The ambiguities corresponding to approximate invaria
are clearly resolved, with the doubly-approxima

Sex
K* 1Sex

K* 2 ambiguity resolved more strongly.
Figure 8 is obtained with the parameters of Table II a

FIG. 7. ~Color online! Top: x2 as a function ofg anddU0, with

no nonresonantb̄→ c̄us̄ contribution (ÃC050). The valuedK*
51.2 is used to ensure that ambiguities do not overlap. All ot
parameters are those of Table II. Bottom: Minimum projection
x2 onto g.
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shows how efficient the method described in this paper co
be for extracting the angleg. With equal resonant and non
resonantb̄→ c̄us̄ amplitudes, only the nonresonant regim
ambiguities are observed, due to the relative suppressio
the resonant interference terms discussed in Sec. IV. No
theless, thecK* 0

6 terms are significant enough to resolve
but theSp ambiguity.Ssign is more strongly resolved, since
leaves neither of thecK* 0

6 terms invariant.
Also shown in Fig. 8~dashed line! is the minimum pro-

r
f

FIG. 8. ~Color online! Top: x2 as a function ofg anddU0, with
the parameters of Table II. Bottom: The solid line shows the m
mum projection ofx2 onto g for the example experiment. Th
dashed line represents the average of 50 simulated experiments
three standard deviation allowed range ofg obtained from the av-
erage is indicated by arrows.
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jection of x2(g) of the average experiment. This plot is o
tained by averaging overx2(g) of 50 simulated experiments
each generated with the parameters of Table II, but with
ferent initial random numbers. The three standard devia
region ofg allowed by the average experiment is indicate
This region spans the range@20.06,1.65#, giving an idea of
the sensitivity that may be obtained with these param
values.

In Figs. 9–12 we presentsg , the statistical error in the
measurement ofg, obtained by fitting simulated even
samples using theMINUIT package@23#, as a function of one
of the parameters of Table II. All the other parameters w
kept at the values listed in Table II. Each point in these pl
is obtained by repeating the simulation 250 times, to m
mize sample-to-sample statistical fluctuations. In all cas
all the parameters of Table II were determined by the fit. T
arrows in these figures indicate the point corresponding
the parameters of Table II. The total number of signal eve
in all final states combined is the same for each of the d
points. The error bars describe the statistical error at e
point, which is determined by the number of experime
simulated.

FIG. 9. The error ing, sg , as a function ofg̃.

FIG. 10. The error ing, sg , as a function ofd̃U0.
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One observes thatsg does not depend strongly ond̃K* ,
and has a mild dependence ond̃U0. As expected, strong de
pendence onÃU0/ÃC0 is seen in Fig. 12. However, it shoul
be noted thatsg changes very little for all values ofÃU0 /ÃC0
above about 0.4, given that the total number of signal eve
in all modes was kept constant in our simulation. This su
gests that the likelihood for a significantly sensitive measu
ment is high over a broad range of parameters. With
parameters of Table II, we findsg'0.23513° with an inte-
grated luminosity of 400 fb21.

VI. CONCLUSIONS

We have shown howg may be measured in the colo
allowed decaysB→D (* )K (* )p(r), focusing on the simples
modeB6→D0K6p0. The absence of color suppression
the b̄→ūcs̄ amplitudes is expected to result in relative
large rates and significantCP violation effects, and hence
favorable experimental sensitivities. Although the Dalitz p
analysis required for this purpose constitutes some exp
mental complication, it should not pose a major difficul

FIG. 11. The error ing, sg , as a function ofd̃K* .

FIG. 12. The error ing, sg , as a function ofÃU0 /ÃC0.
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while being very effective at reducing the eightfold ambig
ities that constitute a serious limitation with other metho
for measuringg. Only the twofoldSp ambiguity cannot be
resolved solely by our method, requiring additional co
straints from other measurements of the unitarity triangle.
a result of these advantages, this method is likely to lea
relatively favorable errors and provide a significant measu
ment of g, even with the current generation ofB-factory
experiments.
rg

B

09600
-
s

-
s
to
-

ACKNOWLEDGMENTS

The authors thank Francois Le Diberder for his fruitf
ideas and help with simulation. This work was supported
the Danish Research Agency, the CEA and CNRS-IN2
~France!, and by the U.S. Department of Energy under Co
tracts Nos. DE-AC03-76SF00515 and DE-FG0
93ER40788.
@1# N. Cabibbo, Phys. Rev. Lett.10, 531 ~1963!; M. Kobayashi
and K. Maskawa, Prog. Theor. Phys.49, 652 ~1973!.

@2# BaBar Collaboration, B. Aubertet al., Phys. Rev. Lett.86,
2515 ~2001!.

@3# Belle Collaboration, K. Abeet al., Phys. Rev. Lett.87, 091802
~2001!.

@4# R. Aleksan, I. Dunietz, and B. Kayser, Z. Phys. C54, 653
~1992!.

@5# A. Soffer, Phys. Rev. D60, 054032 ~1999!; Proceedings,
Snowmass 2001 Workshop on the Future of High Ene
Physics, 2001.

@6# M. Gronau and D. Wyler, Phys. Lett. B265, 172 ~1991!.
@7# I. Dunietz, Phys. Lett. B270, 75 ~1991!.
@8# D. Atwood, G. Eilam, M. Gronau, and A. Soni, Phys. Lett.

341, 372 ~1995!.
@9# J.H. Jang and P. Ko, Phys. Rev. D58, 111302~1998!.

@10# M. Gronau and J.L. Rosner, Phys. Lett. B439, 171 ~1998!.
@11# D. Atwood, I. Dunietz, and A. Soni, Phys. Rev. Lett.78, 3257

~1997!.
@12# J.P. Silva and A. Soffer, Phys. Rev. D61, 112001~2000!.
y

@13# A. Soffer, hep-ex/9801018.
@14# CLEO Collaboration, B. Barishet al., CLEO CONF 97-01,

EPS 339.
@15# Belle Collaboration, K. Abeet al., Phys. Rev. Lett.88, 052002

~2002!.
@16# CLEO Collaboration, T.E. Coanet al., Phys. Rev. Lett.88,

062001~2002!.
@17# R. Aleksanet al. ~in preparation!.
@18# L. Wolfenstein, Phys. Rev. Lett.51, 1945~1983!.
@19# R. Aleksan, B. Kayser, and D. London, Phys. Rev. Lett.73, 18

~1994!.
@20# See, for example, J.C. Anjoset al., Phys. Rev. D48, 56

~1993!.
@21# Belle Collaboration, B. Abeet al., Report BELLE-CONF-

0235, 2002.
@22# CLEO Collaboration, R. Mahapatraet al., Phys. Rev. Lett.88,

101803~2002!.
@23# F. James and M. Roos, Comput. Phys. Commun.10, 343

~1975!.
2-9


